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testAbstract The classical detection step in a monopulse radar system is based on the sum beam only,
the performance of which is not optimal when target is not at the beam center. Target detection
aided by the difference beam can improve the performance at this case. However, the existing dif-
ference beam aided target detectors have the problem of performance deterioration at the beam cen-
ter, which has limited their application in real systems. To solve this problem, two detectors are
proposed in this paper. Assuming the monopulse ratio is known, a generalized likelihood ratio test
(GLRT) detector is derived, which can be used when targeting information on target direction is
available. A practical dual-stage detector is proposed for the case that the monopulse ratio is
unknown. Simulation results show that performances of the proposed detectors are superior to that
of the classical detector.
 2015 The Authors. Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Monopulse is a widely used technique to provide accurate
angle measurements in the tracking radar.1 A monopulse sys-
tem for estimating one angle typically consists of two identical
antennas, either separated by some distance (phase mono-
pulse) or at the same phase center but with a squint angle
(amplitude monopulse), whose outputs are summed up to pro-
duce a sum beam R and are subtracted to yield the difference
beam D. The angular information h is contained in themonopulse ratio c ¼ DðhÞ=RðhÞ provided that the function
h! cðhÞ is invertible.2–4
The open literature5–8 has revealed a separate analysis of
detection and estimation. The detection step has been per-
formed with the sum beam only, while the difference beam is
used only for angle estimation. In Refs.9–12, angle estimation
conditioned on the detection has been studied, however, the
detections in them are performed with the sum beam only,
too. The classical sum beam detector is optimal provided the
boresight is close to the true target direction, since amplitude
of the difference beam is approximately zero there. However,
amplitude of the difference beam is comparable to that of
the sum beam near the sum beam half-power point. Thus it
is possible to utilize the difference beam to improve the detec-
tion performance.
Armstrong and Griffiths13 firstly proposed the idea of using
difference beam at the detection step. Two realizations of this
idea were presented. One of them is to use different linear
1486 F. Cai et al.combinations of the sum and difference beams as the test
statistics. It was shown that certain combinations can give a
detection gain relative to the sum beam only detection. The
other one is based on the complex indicated angle. Constant
false-alarm rate (CFAR) performance has been achieved
without using adjacent cells as references. However, the CFAR
loss of this method is comparatively high. Chaumette et al.14,15
applied optimal detection theory to this problem. They treated
the difference aided detection as a composite hypothesis testing
problem and obtained the generalized likelihood ratio test
(GLRT) under some approximation, which is referred to as
the Power-Mosca detector-estimator solution. The Power-
Mosca detector is similar to the linear combination method
in Ref.13 It combines the sum and difference beam with equal
weights irrespective of the deviation angle. As a result, the
performance is improved at the beam edge but deteriorated
at the beam center.
In this paper, we use the monopulse ratio as the weight of
the difference beam and take weighted sum of the sum and
difference beams as the test statistic to get performance
improved at the beam edge while keeping the performance at
the beam center. For the cases that the monopulse ratio is
known or unknown, two practical difference beam aided detec-
tors are proposed. The performances of the two detectors are
studied via Monte Carlo simulations.
2. Signal model
Firstly we take the phase monopulse as an example to show the
angle estimation process in monopulse systems. In the case of
phase monopulse with two antennas separated by a distance L
as shown in Fig. 1, the phase difference u between the two
antennas is
u ¼ 2p
k
L sin h ð1Þ
where k is the wavelength and h the deviation angle from
boresight. Let E1 and E2 denote the two monopulse antenna
outputs. The sum and difference beam have the form (ignoring
receiver noise):
R ¼ E1 þ E2 ¼ 2E1 cosðu=2Þ expðj  u=2Þ
D ¼ E2  E1 ¼ 2jE1 sinðu=2Þ expðj  u=2Þ

ð2Þ
Therefore the monopulse ratio c takes the form
c ¼ D=R ¼ j  tanðu=2Þ ¼ j  tan p
k
L sin h
 
ð3Þ
which is a fairly linear function in the neighborhood of the
look direction (i.e., h is small). The angle h can then be calcu-
lated using the monopulse ratio c. Typical sum and differenceFig. 1 Pictorial description of phase monopulse.beam patterns are shown in Fig. 2. Readers could refer to Ref.2
for detail.
In practical monopulse systems, the receiver noise is pre-
sent, and the received signal can be modeled as two parallel
sequences fxig (sum beam), fyig (difference beam) of
complex-valued voltage samples representing amplitude and
phase of the N pulse returns from a target.8 The radar target
is considered to be a point target whose return signal is
assumed to be non-fluctuating from pulse to pulse. Jamming
is assumed to be absent so that the target signal competes only
against receiver thermal noise. To unify the phase and ampli-
tude monopulses, the imaginary unit j in c (which exists only
in phase monopulse) is dismissed and c is real. The signal
model under the null hypothesis (noise only) H0 and the
alternate hypothesis (signal plus noise) H1 is
H0 : x ¼ u; y ¼ v
H1 : x ¼ aþ u; y ¼ caþ v
ð4Þ
where x,fxig, y,fyig, a,faig, u,fuig, v,fvig are N 1
column vectors and c is the monopulse ratio, which is consid-
ered constant over the N pulses (Because the range between
target and radar is long, the effect of target’s movement within
N pulses on its DOA can be neglected); ai,aIi þ jaQi is the
complex amplitude of the i th pulse return from direction c,
which is unknown; fuig and fvig are the stationary complex
Gaussian noise processes with zero means and variance r2
associated with observables fxig and fyig, respectively (The
unbalance of the sum and difference channels’ noise levels
can be adjusted at the initialization stage of the monopulse
radar); Independence between and among the Gaussian
processes fuig, fvig is assumed.
Under this signal model, the classical sum beam detector
can be formulated as
jjxjj2 > T ð5Þ
where jjxjj2,PNi¼1jxij2 and T is the detection threshold. The
sum beam detector Eq. (5) is referred to as the Classical detec-
tor in the remainder of this paper. The Power-Mosca detector
proposed in Ref.15 has the form
jjxjj2 þ jjyjj2 > T ð6ÞFig. 2 Typical sum and difference beam patterns of monopulse.
Fig. 3 Structure of dual-stage detector.
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Both Ref.13 and Ref.15 have only considered the case that c is
unknown. In fact, in tracking radar application, there may be
targeting data from other sensors on the target’s angular infor-
mation. Difference beam aided detection in this case is mean-
ingful since it can make full use of the priori information. So
firstly we consider the difference beam aided detection in the
case that c is known, which has never been considered in the
monopulse paradigm to the best of our knowledge.
From Eq. (4) we can get that
pðx; yjH0Þ ¼ 1ðpr2Þ2N exp 
1
r2
½xHxþ yHy
 
ð7Þ
and
pðx; yja; H1Þ ¼ 1ðpr2Þ2N
 exp  1
r2
½ðx aÞHðx aÞ þ ðy caÞHðy caÞ
  ð8Þ
The optimal detection rules are not realizable since there is a
unknown parameter a. A common approach for designing
realizable tests in this case is to replace the unknown parame-
ters with estimates, and then the detection problem becomes a
composite hypothesis testing problem.16 The GLRT for decid-
ing whether to accept H0 or to accept H1 is given by
LGðx; yÞ ¼ pðx; yja^;H1Þ
pðx; yjH0Þ > T ð9Þ
where a^ stands for the maximum likelihood estimation (MLE)
of the unknown parameter a under hypothesis H1.
The MLE of a can be calculated by
@ ln pðx; yja;H1Þ
@a
¼ 0 ð10Þ
After a few lines of algebra we can get
a^ ¼ xþ cy
1þ c2 ð11Þ
Substituting Eq. (11) into Eq. (9), we get the GLRT detector
GLRT : jjxþ cyjj2 > T ð12Þ
Probability of false alarm PFA and probability of detection PD
of the GLRT detector can be calculated by
PFA ¼
Z 1
2T
r2ð1þc2Þ
tN1 expðt=2Þ
2NCðNÞ dt
PD ¼
Z 1
2T
r2ð1þc2Þ
1
2
ðt=gÞðN1Þ=2 exp½ðtþ gÞ=2IN1ð
ﬃﬃﬃﬃ
gt
p Þdt
ð13Þ
where CðuÞ is the Gamma function, IrðuÞ is the modified Bessel
function of the first kind, and the non-centrality parameter g is
g ¼ 2ð1þ c
2Þjjajj2
r2
ð14Þ
The proofs of Eq. (13) are omitted here and readers can refer
to Ref.16 for similar results.
Eq. (13) can be further simplified to the following
expression16:
PFA ¼ exp  Tr2ð1þ c2Þ
 XN1
n¼0
1
n!
T
r2ð1þ c2Þ
 n
ð15Þ4. Dual-stage detector: c is unknown
Now we consider a more general case that c is unknown. From
Eqs. (6) and (12) we can deduce that to avoid performance loss
in the beam center, the difference beam should be weighted by
the monopulse ratio c. As the deviation angle is unknown in
this case, a straightforward way is to estimate the c firstly
and then use the estimate c^ as the weight of the difference
beam. However, if we estimate c directly using the input signal,
c^ might be unreasonably high since the sum beam contains
zero mean noise only under H0 hypothesis. Taking this into
account, a dual-stage detection structure is proposed as shown
in Fig. 3. The primary stage is a classical detector with a low
threshold T1, which uses sum beam only. If the primary stage
detection is passed, c^ is calculated, and the weighted sum of the
sum and difference beam using c^ is the test statistic of the
secondary stage detection.
There are two more questions to be answered for the struc-
ture selected: one of them is to choose the calculation method
of c^ using the N pulses; the other is to choose suitable primary
threshold, T1. The secondary threshold T2 can be uniquely
determined once T1 is given.
4.1. Calculation of c^
To select the method of calculating c^, the two hypothesis H0
and H1 should be considered separately: under H1, the calcu-
lation of c^ is to estimate c, and the accuracy of the estimation
is what we seek under H0, c does not exist physically, thus we
expect c^ to be as small as possible to decrease the false alarms.
The most simple method of monopulse ratio estimation
under this context is to average the N estimated angles17, the
expression of which is
c^Mean ¼ 1
N
XN
i¼1
Re
yi
xi
 
ð16Þ
Another estimator is the maximum likelihood (ML) estimator
derived by Mosca8, which has since become the practical
monopulse ratio estimator. The ML estimator has the follow-
ing expression:
c^ML ¼ Reðx
HyÞ
jjxjj2 ð17Þ
We choose the two estimators as the potential calculation
methods of c^ and select one of them by comparing their perfor-
mances under H1 and H0, respectively.
For N ¼ 1, from Eqs. (16) and (17) we can get that the
two methods are the same. For other values of N, it is not
the case at all. It is known that estimation performance of
Eq. (17) is better than that of Eq. (16) under H1. Thus we only
compare their behavior under H0 in this study. We use the
Fig. 5 PD of angle points 0 and 1.2 as functions of PFA1, 5
pulses.
1488 F. Cai et al.Kaplan–Meier estimate of the cumulative distribution function
(CDF) as the measure, which is also known as the empirical
CDF (ECDF). Fig. 4 shows the ECDF curves of the two meth-
ods under H0, in which results for N ¼ 2; 3; . . . ; 8 are pre-
sented. We see that each curve of the ML method is above
that of the Mean method, which means that the c^ calculated
by the ML method is smaller than that of the Mean method
for the adopted N. Combining the two factors above, the
ML estimator can be selected as the method to calculate the c^.
4.2. Choice of primary thresholds T1
We know that in the dual-stage detection structure, we can
keep final probability of false alarm PFA fixed at a constant
value by raising one threshold and lowering the other. Because
the calculation of c^ is conditioned on the primary detection, T1
should be as high as possible to make c^ accurate under H1
18
and small under H0. But if T1 is too high, the signal at the edge
of the beam cannot pass the primary detection because its
power is lower than that at the beam center, which will limit
the PD at the beam edge. Thus, a compromise between them
should be made.
To see how T1 affects PD at the beam center and at the
beam edge, we keep PFA ¼ 104 constant and vary the primary
probability of false alarm PFA1 from 10
3 to 0.5. The corre-
sponding PD at beam angles 0 and 1.2 is shown in Fig. 5.
We see that at the beam center (0), PD is a monotonic
decreasing function of PFA1, and when PFA1 is less than 0.06
the decrement is small. We can also see that at the beam edge
(1.2), PD is a parabolic curve of PFA1 and reaches the
maximum approximately at PFA1 ¼ 0:05. Thus considering
the two aspects and recalling our aim to get performance
improved at the beam edge while keeping performance at the
beam center, it is justifiable to set PFA1 ¼ 0:05 in this case.
The primary threshold T1 can then be computed using the
inverse chi-square CDF with 2N degrees of freedom for the
corresponding probabilities in PFA1. That is,
T1 ¼ F1ðPFA1jNÞ ¼ fT1 : FðT1jNÞ ¼ PFA1g ð18Þ
where
PFA1 ¼ FðT1jNÞ ¼
Z 1
2T1=r2
tN1et=2
2NCðNÞ dt ð19ÞFig. 4 ECDF curves of ML and mean monopulse estimation
method under H0.Note that for a different setting of radar parameters (e.g., a
different pulse number N), the result might be different and
it should be determined using the given radar parameters.
Secondary probability of false alarm PFA2 can be calculated
by PFA2 ¼ PFA=PFA1 once PFA1 is determined. Because the sec-
ondary stage detection is conditioned on the primary detec-
tion, the secondary threshold T2 is hard to obtain by
theoretical calculation. A Monte Carlo method is used as fol-
lows. Firstly acquire a large number of samples randomly
under H0 and do first stage detection on them. Then calculate
the test statistics of the secondary detection on those samples
that have passed T1. After that, calculate the ECDF using
the test statistics. Finally, get T2 by PFA2 and the ECDF. This
procedure is summarized in Table 1, where Nr is the number of
Monte Carlo runs used and CNð0; r2Þ is the complex Gaussian
distribution with mean 0 and variance r2.
5. Numerical results
In this section we use a simulated phase monopulse radar to
evaluate the performances of the two detectors. The sum and
difference beam patterns of a phase monopulse radar can be
approximated by the following expressions18,19:
RðhÞ ¼ cos ðhÞ lgð1=
ﬃ
2
p
Þ
lgðcosðb=2ÞÞ cos
pL
k
sinðhÞ
 
DðhÞ ¼ cos ðhÞ lgð1=
ﬃ
2
p
Þ
lgðcosðb=2ÞÞ sin
pL
k
sinðhÞ
  ð20ÞTable 1 Procedure for getting secondary threshold.
Steps of algorithm
set j ¼ 0
for k ¼ 1 : Nr do
draw ui; vi  CNð0;r2Þ; i ¼ 1; 2; . . . ;N
x ¼ ½uiNi¼1; y ¼ ½viNi¼1
if jjx2jj > T1 then
j ¼ jþ 1; c^ ¼ ReðxHyÞ=jjx2jj
end
end
½fpig ji¼1; fsig ji¼1 ¼ ECDFðftig ji¼1Þ
i^ ¼ argmin
i
ðj1 PFA2  pijÞ
T2 ¼ si^
Difference beam aided target detection in monopulse radar 1489where b is the half-power beamwidth of each antenna, L the
distance between the two antennas, and k the wavelength.
These expressions are used for all the numerical analysis
throughout this paper, with b ¼ 5; L ¼ 7:62 cm and
k ¼ 8 mm, which yield the sum and difference beam patterns
as shown in Fig. 2.
5.1. Performance of GLRT detector
Performance of the GLRT detector can be calculated directly
from Eq. (13). Its performance as well as that of the Classical
detector are presented in Fig. 6, where the sum beam signal-to-
noise ratio (SNR) is adjusted to provide PD ¼ 0:9 at the beam
center for the Classical detector under the constraint
PFA ¼ 104. We can see that if c is perfectly known,
performances at the beam center are the best for both the
two detectors, where c ¼ 0 and the GLRT detector is equiva-
lent to the Classical detector. So it can be concluded that for
the sake of the detection performance, the boresight should
be placed to the true target direction (if possible) even if the
difference beam aided detection is applied. If two or more
targets exist within the beam and their deviation angles are
different, then not all of them can be placed at the beam center,
and in this case the GLRT detector can be used to improve the
detection performance of those not at the beam center.
In practice, the targeting information of the deviation angle
h may be inaccurate. In this case the targeting information canFig. 6 PD of classical detector, GLRT detector and GLRgenerally be described by some probability distribution such as
the normal distribution. To see the performance of the GLRT
detector in this case, we assume that the targeting information
has a normal distribution h  Nðlh; r2hÞ, with the mean lh at
discrete angle points 0; 0:3; . . . ; 2:4 and the stand deviation
taking values of rh ¼ 0:5; 1:0; 1:5; 2, respectively. The
monopulse ratio used by the GLRT detector is set as
c ¼ DðlhÞ=RðlhÞ. The results of Monte-Carlo simulation are
also shown in Fig. 6. We see that as the deviation of the target-
ing information increases, deterioration of the PD performance
increases too. When the deviation of the targeting information
is too high, the PD performance is unacceptable and the GLRT
detector is not applicable. In this case we can ignore the target-
ing information and adopt the dual-stage detector.
5.2. Performance of dual-stage detector
In this section, performance of the developed dual-stage detec-
tor is studied through simulation. For comparison, perfor-
mances of the Classical detector and the Power-Mosca
detector are also presented. For all these studies, PFA ¼ 104,
and all PFA and PD indices are evaluated on 10
8 and 105
Monte-Carlo trials, respectively.
Fig. 7 presents the PD performances at different deviation
angles, where the SNR is adapted to provide PD ¼ 0:9 for
the Classical detector at the beam center. We see that except
for a small region near the beam center, the dual-stage detectorT detector when targeting information is inaccurate.
Fig. 7 PD for dual-stage detector at different deviation angles (the gray dashed lines indicate position of sum beam half-power point).
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improvement is significant when the deviation angle is near
the half-power point. The performance loss of the Power-
Mosca detector at the beam center is severe, and as N
increases, the performance loss increases too, while that of
the dual-stage detector is kept very small. Additionally, we
see that the dual-stage detector outperforms the Power-
Mosca detector within the sum beamwidth in all the four cases.
Comparing the curves of the proposed detector and the Clas-
sical detector, we see that the proposed detector has increased
the half-power beamwidth equivalently in the detection
performance sense. A detector that assumes perfect knowledge
of an unknown parameter to design the NP detector is referred
to as a clairvoyant detector, the performance of which is used
as an upper bound.16 In Section 3, we get the GLRT detector
through assuming the monopulse ratio c is known. The GLRT
detector can be taken as the clairvoyant detector for the case
that c is unknown. Hence performance of the GLRT detector
is also presented in Fig. 7 to show the upper bound of differ-
ence beam-aided target detection.
The angle estimation accuracy is a crucial index for a
monopulse radar. Although the dual-stage detector and the
Power-Mosca solution use the same monopulse estimation
method that is derived by Mosca, their detector structures
are different, which select the subset of observations
participating in the estimation and result in different estima-
tion performances.20 Thus, the conditional root mean squarederror (RMSE) of them are evaluated using Monte-Carlo simu-
lation. For comparison, the angle estimation conditioned by
the Classical detector is also evaluated. The SNR setup is the
same as that of Fig. 7. The performance comparison as shown
in Fig. 8 reveals that the dual-stage detector provides a compar-
atively good angle estimation performance in all the four cases.
Fig. 9 shows the comparison of the overall detection perfor-
mances between the three detectors under the assumption that
the target is uniformly distributed within 0.5, 1.0 and 1.5
half-power beamwidths, respectively. The SNR is measured
at the center of the sum beam. We see that the proposed detec-
tor performs best among the tested detectors in all the three
cases. The Classical detector performs well when the target is
distributed near the beam center, while the Power-Mosca
detector performs good when the target is distributed in a
wider range. From Fig. 9 we can deduce that to attain a prede-
fined average probability of detection over the search angular
region, the scanning interval can be larger if the dual-stage
detector is applied.
Compared to the Classical detector, the increased computa-
tional complexity of the dual-stage detector lies in the weight
calculation step and the secondary detection step. As the two
steps are implemented only when the primary detection is
passed, the increased computational complexity is determined
by the number of bins that have passed the primary detection,
which in the statistical sense is determined by the primary
probability of false alarm PFA1. Table 2 shows the comparison
Fig. 8 Conditional RMSE of deviation angle estimation.
Difference beam aided target detection in monopulse radar 1491of the computational complexity between the three detectors,
where K is the number of bins under test, K0 is the number
of bins that have passed the primary detection, and the opera-
tion refers to +, , , / and ? on two real numbers. We see
that the computational burden of the Power-Mosca detector
is twice that of the Classical detector. Generally speaking,
K0  K=2 because PFA1  0:5. So the computational burden
of the proposed dual-stage detector is less than that of the
Power-Mosca detector. Table 2 also shows the comparson
of the execution time between the three detectors averaged
by 104 Monte Carlo runs. The three detectors are evaluated
in the MATLAB2009a/Slackware14.1 environment on a
3.2 GHz Intel I5 computer with 4 GB of RAM. The number
of bins under test is K ¼ 256. The pulse number is set as
N ¼ 5 and thus PFA1 ¼ 0:05 is selected. We see that execution
time of the dual-stage detector is much lesser than that of the
Power-Mosca as expected. Additionally, the estimated c^ can be
used directly in the deviation angle estimation once the final
detection is declared.
Most radars estimate the direction of arrival in two angular
dimensions: azimuth (denoted as y) and elevation (denoted
as z). In such systems two difference beams Dy and Dz are
available at the same time. To apply the dual-stage detector
to this application, we just need to calculate c^z as well as c^y,
and then do secondary stage detection as follows:
jjxjj2 þ jjc^y  yjj2 þ jjc^z  zjj2 > T2 ð21Þwhere z is the signal of Dz. Results of the Classical and the
dual-stage detectors are shown in Fig. 10. Because of the sym-
metry between Dy and Dz, only one Cartesian quadrant is pre-
sented. It can be seen that the dual-stage detector outperforms
the Classical detector except for performing slightly worse at
the beam center.
We have assumed that the target is non-fluctuating from
pulse to pulse in the signal model. To see the performance of
the dual-stage detector for fluctuating target, Fig. 11 presents
the results for Rayleigh fluctuating target. The signal ampli-
tude jaij of each pulse is characterized by the randomized
distribution:
pðjaijÞ ¼ jaijr2a
exp  1
2r2a
jaij2
 
ð22Þ
where ra is set to be 1. We can see that the relationship
between the performances of the three detectors is similar to
the case in the non-fluctuating target.
Remark: Typical tracking radars have a pencil beam and
usually depend upon information from outside sensors to
acquire the target. But scanning of the beam within a lim-
ited angle sector may also be needed to acquire the target
within its beam. The angular scanning is generally per-
formed by discrete move of the beam in several angular
directions. And the discrete angular interval is limited by
the half-power beamwidth. Through increasing the half-
power beamwidth equivalently, the dual-stage detector
Fig. 9 PD against SNR for dual-stage detector with target
uniformly distributed within certain beamwidths, 5 pulses.
Table 2 Computational complexity.
Detector Classical Power-Mosca Dual-stage
Operation number 4NK 8NK 4NK+ (8N+ 3)K0
Execution time (ms) 0.413 0.634 0.465
Fig. 10 PD for dual-stage detector in two angular dimensions, 5
pulses.
Fig. 11 PD for fluctuating target, 5 pulses.
1492 F. Cai et al.can improve the scanning efficiency. The dual-stage
detector is also applicable to multi-targets scenario, only
if they are located in different range/Doppler resolution
bins.6. Conclusions
(1) Two difference beam aided target detectors are pro-
posed. The first one of them is a GLRT detector assum-
ing the monopulse ratio is known. It can be applied
when targeting information on target direction is avail-
able. After that, a practical dual-stage detector is
developed.
(2) Simulation results show that the performance of the
dual-stage detector is superior to that of the Classical
detector, especially when the deviation angle is nearby
the half-power point. As a result, the half-power beam-
width is increased equivalently in the detection perfor-
mance sense, which is closely related to the scanning
speed. Besides, the computational complexity of the
dual-stage detector is low and it can be used to replace
the Classical detector widely used nowadays.
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